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We prove that the set of n-Artin presentations has a group structure. It is a known result
but it seems that it does not appear explicitly in the literature. As an application we
consider a special class of integral framed links βˆ in S3 such that β =∏ni=1 2eσ 2ei1 σ 2 f i2
and we calculate the fundamental group of the 3-manifolds obtained by integral Dehn
surgery on these links. In some cases we say when the groups obtained cannot be trivial.
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1. Introduction
By the fundamental theorem of surgery proved by Lickorish and Wallace [8,13], we know that any closed, connected and
oriented 3-manifold can be obtained by integral Dehn surgery on a link in S3. It follows from a second paper of Lickorish [9]
that if M2 is a closed, oriented 2-manifold of genus g then every orientation preserving homeomorphism of M2 is isotopic
to a product of twist homeomorphisms along certain 3g−1 curves. This can be used to prove that any closed, connected and
oriented 3-manifold can be obtained by integral Dehn surgery on a closed pure n-braid [12]. In [2] we give an elementary
proof of this fact, showing that any surgery presentation of a closed, connected and oriented 3-manifold can be transformed
to a surgery presentation on a closed pure n-braid by performing some surgery moves.
Let Pn be the group of pure n-braids and let β ∈ Pn . We denote the closure of β as βˆ which is obtained by gluing
the ends of the braid without forming new crossings. In particular, if we have pure 1-braids and perform Dehn surgery
we get lens spaces; if we consider closed pure 2-braids one obtains, in general, Seifert ﬁber spaces. In this paper we
consider the problem of determining when the 3-manifolds obtained by integral Dehn surgery on a special class of links
are not S3. This class of links are integral framed, closed pure 3-braids βˆ , where β =∏ni=1 2eσ 2ei1 σ 2 f i2 with e, ei, f i ∈ Z
and 2 = (σ1σ2σ1)2. This is made using the theory of n-Artin Presentations of fundamental groups of 3-manifolds. First,
we calculate the fundamental groups of the 3-manifolds obtained by integral Dehn surgery on βˆ and then using small
cancellation theory determine which of these groups have as quotient a non-trivial group.
We recall the deﬁnition of Dehn surgery on a link. Let L = ⋃n1 ki be an oriented link contained in S3. Denote by
η(L) = ⋃η(ki) the disjoint union of regular neighborhoods of its components. Let (mi, li) be a pair meridian-longitude
for ∂η(ki). Call ri ⊂ ∂η(ki) a curve ri = pimi + qili where pi/qi ∈ Q ∪ 1/0, (pi,qi) = 1. The result of r-surgery on L, where
r = (r1, . . . , rn), is the manifold cl(S3 − intη(L))∪ (⋃ni T i), where Ti a standard solid torus which is glued along its boundary
to ∂η(ki), in such a way that its meridian m′i is glued along ri .
The paper is organized as follows. In Section 2, we deﬁne n-Artin presentations and give an operation in this set. Also
we give an explicit proof of the fact that with this operation it is possible to give a group structure to the set of n-
Artin presentations. In Section 3, we use the operation deﬁned in Section 2 to calculate the fundamental groups of the
3-manifolds obtained by integral Dehn surgery on closed pure 3-braids. In Section 4, using small cancellation theory we
prove that certain of these groups cannot be trivial.
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We start this section giving some deﬁnitions about n-Artin presentations. Then we prove that it is possible to give a
group structure to the set An of n-Artin presentations for a ﬁxed n. This is a known fact but it seems that it does not
appear explicitly in the literature [14,7,5].
Deﬁnition 2.1. Given a presentation of a group G in terms of generators and relations
〈x1, x2, . . . , xn : r1, r2, . . . , rn〉
we say that this is an n-Artin presentation if it satisﬁes the following equation
n∏
i=1
r−1i xiri =
n∏
i=1
xi
in the free group Fn (:= F (x1, x2, . . . , xn)).
If w =∏mi=1 xiji (all i are ±1), i.e., it is a word in the free group with n generators and r = (r1, r2, . . . , rn) is an n-tuple
where each entry is a word in the x1, x2, . . . , xn generators then we deﬁne
wr =
m∏
i=1
(
xiji
)r ji
where (xiji )
r ji = r−1ji x
i
ji
r ji , it is to say, we conjugate each element x
i
ji
by the word r ji . Observe that, if σi(w) is the sum of
the exponents of xi in w , then σi(wr) = σi(w).
So, we have the following deﬁnition which is central to give to the set of n-Artin presentations a group structure.
Deﬁnition 2.2. If r′ = (r′1, . . . , r′n) and r = (r1, . . . , rn) deﬁne rr
′ = (rr′1 , . . . , rr
′
n ) and r
′ ◦ r = r′ · rr′ where
(r1, r2, . . . , rn) · (s1, . . . , sn) = (r1s1, r2s2, . . . , rnsn)
Let Pn be the group of pure n-braids, which can be seen as a group of automorphisms of a free group Fn of rank n.
Proposition 2.3. Let An be the set of n-Artin presentations. Then An is a group with respect to ◦ and in fact it is isomorphic to Pn × Zn
where Pn is the group of automorphisms α of Fn satisfying:
(1) α(xi) is conjugate to xi (i = 1,2, . . . ,n)
(2) α(x1x2 · · · xn) = x1x2 · · · xn.
Proof. Let
ψ : Pn × Zn → An
be deﬁned by
ψ
(
α, (a1, . . . ,an)
)= (r1, r2, . . . , rn)
where α(xi) = xrii (i = 1,2, . . . ,n) and σxi (ri) = ai where σxi (ri) is the sum of exponents of xi in ri . We have to show that
ψ is well deﬁned.
i) It is well deﬁned. Suppose α(xi) = xrii and α(xi) = xsii . Assume that ri = xai r′i and si = xbi s′i , where the ﬁrst letter in r′i
and s′i is not xi and r
′
i and s
′
i are reduced words. Then α(xi) = (r′i)−1xir′i and α(xi) = (s′i)−1xi s′i are reduced words, so it
follows that r′i = s′i . Uniqueness of ri now follows from the fact that there is a unique ri for which σxi (ri) = ai .
ii) To show that
ψ
(
(α,a) · (β,b))= ψ(α,a) ◦ ψ(β,b)
we follow the deﬁnitions and calculate
ψ
(
(α,a) · (β,b))= ψ((αβ,a + b))
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Suppose that ψ(α,a) = (t1, t2, . . . , tn) and ψ(β,b) = (s1, s2, . . . , sn) then
αβ(xk) = α
(
xskk
)= α(s−1k xksk)= α(s−1k )α(xk)α(sk)
xtk(sk)
t
k =
(
t1s
t1
1 , . . . , tns
tn
n
)
Hence
ψ
(
(α,a) · (β,b))= (αβ,a + b) = (t1st11 , t2st22 , . . . , tnstnn )
because
σi
(
ti s
ti
i
)= σi(ti) + σi(stii )
σi(ti) + σi(si) = ai + bi
and
ψ(α,a) ◦ ψ(β,b) = t · st
iii) It is clear that this homomorphism is an isomorphism. 
The group Pn × Zn is also called the group of framed pure n-braids. The group Pn is canonically isomorphic to the group
of isotopy classes of homeomorphisms of W which are the identity on ∂W where W is a disk with n holes. This group is
generated by Aij (1 i < j  n) and Xi (1 i  n) where Aij is the positive Dehn twist on the curve shown in Fig. 1 for
the case of closed pure 3-braids and Xi is the positive Dehn twist on the boundary of the i-th hole. One also considers the
Dehn twist  on the exterior boundary of W .
It is not diﬃcult to see from the deﬁnition of ◦ that, for example
r ◦ s ◦ t ◦ u = r · sr · (ts)r · ((ut)s)r
There is no loss of generality in considering n-Artin presentations in studying the fundamental groups of closed, con-
nected and orientable 3-manifolds since in 1974, González-Acuña showed the following [7].
Theorem 2.4. The fundamental group of any orientable, connected and closed 3-manifold has an n-Artin presentation. Furthermore, a
group G is the fundamental group of an orientable, connected and closed 3-manifold if it has an n-Artin presentation.
This follows from the fact that any closed, connected and orientable 3-manifold has an open book decomposition with
planar pages. The monodromy of the open book, which is a homeomorphism such that it is the identity on the boundary,
can be represented by a disc with n holes and paths going from the exterior boundary to the interior boundaries in such
way that the i-th path ﬁnishes in the i-th hole (see Fig. 2).
3. The fundamental group of 3-manifolds obtained by integral Dehn surgery on closed pure 3-braids βˆ
In this section we get a presentation of the fundamental group of the 3-manifolds obtained by integral Dehn surgery on
closed pure 3-braids βˆ . We do it by considering the operation deﬁned in Section 2.
Let Bn be the group of n-braids [4]. Remember [11] that Pn ⊂ Bn is the group of pure n-braids which has generators Aij
where
Aij = σ j−1σ j−2 · · ·σi+1σ 2σ−1 · · ·σ−1 σ−1i i+1 j−2 j−1
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Fig. 3. Presentation of closed pure 3-braids.
for 1 i < j  n, and relations
Ars Aik A
−1
rs = Aik if s < i or k < r
Aks Aik A
−1
ks = A−1is Aik Ais, i < k < s
Ark Aik A
−1
rk = A−1ik A−1ir Aik Air Aik, i < r < k
Ars Aik A
−1
rs = A−1is A−1ir Ais Air Aik A−1ir A−1is Air Ais, i < r < k < s
In our particular case where n = 3 we have generators A12, A13 and A23 and relations
r1 = [A13, A12A13A23] = 1
r2 = [A12, A13A23] = 1
where [ ] denotes the commutator.
Furthermore, the group of pure 3-braids can be seen as the direct product of two free groups F2 × Z [6], where F2
is generated by A12, A23 and Z by  = (σ1σ2σ1)2. This give us a general diagram representing a closed pure 3-braid, see
Fig. 3.
To get the presentation of the fundamental group of the 3-manifold obtained by integral Dehn surgery on βˆ , with β ∈ P3,
it is enough to consider the action of the Dehn twists along the curves representing A12 and A23 on xi where i = 1,2,3,
and the Dehn twists along the curves , X1, X2, X3 (cf. [1]). In our case, we have a disc with 3 holes and paths r1, r2, r3
(see Fig. 2).
From this diagram we can read the fundamental group of the 3-manifold since if we blow up the disk with 3 holes,
we get a handlebody whose complement is also a handlebody. Furthermore, we have 3 simple closed curves, see Fig. 4.
This give us a Heegaard splitting of the 3-manifold. So, reading the words described by these closed, simple curves we get
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a 3-Artin presentation of the fundamental group of the 3-manifold obtained by integral Dehn surgery on βˆ . In Fig. 4, the
3-Artin presentation has relations r1 = x1x2x3x1x2x1, r2 = x1x2x3x1x22, r3 = x1x2x23.
Applying Dehn twists along A12, A23, , X1, X2, X3 we can read the 3-Artin presentations
Ae112 =
(
(x1x2)
e1 , (x1x2)
e1 ,1
)
A f123 =
(
1, (x2x3)
f1 , (x2x3)
f1
)
e = ((x1x2x3)e, (x1x2x3)e, (x1x2x3)e)
X1 = (x1,1,1), X2 = (1, x2,1), X3 = (1,1, x3)
and composing these presentations in the following order
Xm1 ◦ Xn12 ◦ Xp3 ◦ A f123 ◦ Ae112 ◦ e
we get the next theorem.
Theorem 3.1. Let βˆ be a link in S3 , where β = 2e(σ 21 )e1 (σ 22 ) f1 with an integral framing (m,n1, p), where e, e1, f1 ∈ Z . Then the
3-manifold obtained by integral Dehn surgery on βˆ has the 34-Artin presentation given by the generators x1 , x2 , x3 and relations
r1 = xm−e−e11
(
x1(x2x3)
f1x2(x2x3)
− f1)e1(x1x2x3)e
r2 = xn1−e−e1− f12 (x2x3) f1
(
x1(x2x3)
f1x2(x2x3)
− f1)e1(x1x2x3)e
r3 = xp−e− f13 (x2x3) f1(x1x2x3)e 
In a previous work [3], we have a solution of the problem of determining when these groups are trivial. This is made
geometrically, using the observation that the links βˆ ∈ S3 where β = 2e(σ 21 )e1 (σ 22 ) f1 are strongly invertible. So, we take
the quotient given by the action of the involution and from that quotient we get what we call an hexatangle, which is double
branched covered by the exterior of βˆ . By analyzing this hexatangle it is possible to say when we have a trivial knot which
implies a solution for the original problem, i.e. we can determine explicitly in which cases the groups given in Theorem 3.1
are trivial.
Let
C1 =
(
x1(x2x3)
f2x2(x2x3)
− f2)e2x1(x1(x2x3) f2x2(x2x3)− f2)−e2
C2 =
(
x1(x2x3)
f2x2(x2x3)
− f2)e2(x2x3) f2x2(x2x3)− f2(x1(x2x3) f2x2(x2x3)− f2)−e2(x2x3) f2x3(x2x3)− f2
C3 =
(
x1(x2x3)
f2x2(x2x3)
− f2)e2(x2x3) f2x2(x2x3)− f2(x1(x2x3) f2x2(x2x3)− f2)−e2
C4 =
(
x1(x2x3)
f2x2(x2x3)
− f2)e2
Theorem 3.2. Let βˆ be a link in S3 , where
β = 2e(σ 21 )e1(σ 22 ) f1(σ 21 )e2(σ 22 ) f2
with an integral framing (m,n1, p), where e, ei, f i ∈ Z . Then the 3-manifold obtained by integral Dehn surgery on βˆ has the 3-Artin
presentation G given by the generators x1, x2, x3 and relations
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[
C1C
f1
2 C3C
− f1
2
]e1C4(x1x2x3)e
r2 = xn1−e−e1− f1−e2− f22 C f12 (x2x3) f2
[
C1C
f1
2 C3C
− f1
2
]e1C4(x1x2x3)e
r3 = xp−e− f1− f23 C f12 (x2x3) f2(x1x2x3)e 
Let Z(r,s,t) be the cyclic group with order the greatest common divisor of the numbers r, s and t .
Corollary 3.3. There exists representations of G onto the groups Z(e,e+e1+e2,m) , Z(e,e+ f1+ f2,p) and Z(e+e1+e2,e+ f1+ f2,n1) . So, if some
gcd is different of 1 the group G is not trivial.
Proof. Doing xi and x j simultaneously equal to 1 for i 
= j and i, j = 1,2,3 the result follows. 
Furthermore, we can consider the general case. It is to say, we can calculate a 3-Artin presentation of the fundamental
group of any 3-manifold obtained by integral Dehn surgery on a link βˆ ∈ S3 where β =∏ni=1 2e(σ 21 )ei (σ 22 ) f i . Let
A fn23 ◦ Aen12 ◦ · · · ◦ A f123 ◦ Ae112 == A fn23 ·
(
Aen12
)A fn23 · ((A fn−123 )Aen12)A fn23 · · · ((· · · (((Ae112)A f123 )Ae212 ) · · ·)Aen12)A fn23
Let
B = A fn23 · (Aen12)A
fn
23 · ((A fn−123 )Aen12)A fn23 · · · ((· · · (((Ae112)A f123 )Ae212) · · ·)Aen12)A fn23
Since in the third component we have that A
e j
12 = 1 for all j, then in the last expression only appears the terms A
f j
23 and
we have
B1 = A fn23 ·
((
A
fn−1
23
)Aen12)A fn23 · · · (· · · (((A f123)Ae212) · · ·)Aen12)A fn23
And calculating for the ﬁrst component where A
f j
23 = 1 for all j, we have
B2 =
(
Aen12
)A fn23 · (((Aen−112 )A fn−123 )Aen12)A fn23 · · · ((· · · (((Ae112)A f123 )Ae212 ) · · ·)Aen12)A fn23
To calculate the 3-Artin presentation of the 3-manifold we compose in the next order Xm1 ◦ Xn12 ◦ Xp3 ◦ A fn23 ◦ Aen12 ◦ · · · ◦ A f123 ◦
Ae112 ◦ e and we have the following.
Theorem 3.4. Let βˆ ∈ S3 where
β =
n∏
i=1
2e
(
σ 21
)ei (σ 22 ) f i
with an integral framing (m,n1, p), where e, ei, f i ∈ Z . Then the 3-manifold obtained by integral Dehn surgery on βˆ has the 3-Artin
presentation given by generators x1, x2, x3 and relations
r1 = xm−
∑
ei−e
1 B2(x1x2x3)
e
r2 = xn1−e−
∑
ei−
∑
f i
2 B(x1x2x3)
e
r3 = xp−
∑
f i−e
3 B1(x1x2x3)
e 
Corollary 3.5. There exists representations of G onto the groups Z(e,e+∑ ei ,m) , Z(e,e+∑ f i ,p) and Z(e+∑ ei ,e+∑ f i ,n1) . So, if some gcd is
different of 1 the group G is not trivial.
4. The non-triviality of some fundamental groups of 3-manifolds obtained by integral Dehn surgery on closed pure
3-braids
The corollaries in Section 3 are an estimation of when the fundamental groups are not trivial, but they are very general
since in these cases we do not have, in fact, a homology sphere. So, if we suppose that the numbers e, ei , f i , m, n1, and p
are such that we have a homology sphere, i.e. when the link matrices which are( m e +∑ ei e
e +∑ ei n1 e +∑ f i
e e +∑ f i p
)
have determinant ±1 then we have a result more eﬃcient which is saying when this homology sphere cannot be S3.
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T = 〈a,b : al = bm = wn = 1〉 (l,m,n > 1)
where w = ar1bs1 · · ·arkbsk (k  1, 0 < ri < l, 0 < si <m). We denote it as T(l,m,n) . Doing x1 = 1, x2 = 1 and x3 = 1 in each
case respectively, we have the following result.
Proposition 4.1. There exists representations of G onto the groups
(i) T(n1,p,k) if
∑
f i = 0 and e = 0 where r1 = (∏sj=1 x−e j2 (x2x3)− f j )k and s 2, k > 1
(ii) T(m,p,k) if e = 0 and r2 = (∏sj=1 x−e j1 x− f j3 )k and s 1, k 2
(iii) T(m,n1,k) if
∑
ei = 0 and e = 0 and r3 = (∏sj=1 x− f j2 (x1x2)−e j )k with s 2, k > 1.
In the next results we use small cancellation theory over free products. For convenience of the reader we recall some
basic deﬁnitions and results of this theory which come from [10].
If F is a free product of non-trivial groups X j , then each non-identity element w of F has a unique representation in
normal form as w = y1 y2 · · · yn where each of the letters yi is a non-trivial element of one of the factors X j , and where no
adjacent yi, yi+1 come from the same factor. The integer n is the length of w , written |w|.
If u = y1 y2 · · · ykc1c2 · · · ct and v = c−1t · · · c−11 d1d2 · · ·ds are in normal form where d1 
= y−1k , we say that the letters
c1, . . . , ct are canceled in forming the product uv . If yk and d1 are in different factors of F , then w = uv has normal form
y1 · · · ykd1 · · ·ds . It is possible that d1 and yk are in the same factor of F with d1 
= y−1k . Let a = ykd1. Then w = uv has
normal form y1 · · · yk−1ad2 · · ·dt . We say that yk and d1 have been consolidated to give the single letter a in the normal
form of uv .
We say that a word w has reduced form uv if the normal form for w is obtained by concatenating the normal forms for
u and v . Thus there is neither cancellation not consolidation between u and v . We say that w has semi-reduced form uv if
w = uv and there is no cancellation between u and v . Consolidation is expressly allowed.
Recall that an element w of F with normal form w = y1 · · · yn is said to be cyclically reduced if |w| 1 or y1 and yn
are in different factors of F . We say that w is weakly cyclically reduced if |w| 1 or yn 
= y−11 . Thus there is no cancellation
between yn and y1 although consolidation is allowed.
A subset R of F is called symmetrized if every r ∈ R is weakly cyclically reduced and every weakly cyclically reduced
conjugate of r and r−1 is also in R .
A word b is called a piece if R contains distinct elements r1 and r2 with semi-reduced forms r1 = bc1 and r2 = bc2. Note
that the last letter of b does not have to be a letter of the normal form of r1 or r2.
Condition C ′(λ): If r ∈ R, r = bc in semi-reduced form where b is a piece, then |b| < λ|r|. To avoid pathological cases, we
further require that if r ∈ R then |r| > 1/λ.
We use the next result to prove that certain groups are not trivial.
Corollary 4.2. (p. 278 of [10]) Let F = Xi be a free product, and let R be a symmetrized subset of F which satisﬁes C ′(1/6). Let N be
the normal closure of R in F . Then the natural map γ : F → F/N embeds each factor Xi of F .
By doing x1 = 1 in the group presentation given in Theorem 3.1, we have a group H with presentation given by the
generators x2 and x3 and relations
r1 = (x2x3) fn xen2 (x2x3) fn−1xen−12 · · · xe12 (x2x3)−
∑
f i+e
r2 = xn1−e−
∑
f i
2 (x2x3)
∑
f i+e
r3 = xp−
∑
f i−e
3 (x2x3)
∑
f i+e
By using the next lemma we will prove that under certain hypothesis this group H is not trivial. Observe that if z is an
element of the center of a group G and G/〈z〉 = 1 then G is cyclic. In this case z = (x2x3)
∑
f i+e .
We will prove that a quotient of H has a presentation as G of Lemma 4.3. Let
(x2x3)
∑
f i+e = 1 = x−n1+e+
∑
f i
2
x
∑
f i+e−p
3 = 1 = (x2x3)
∑
f i+e
and call g = x2x3. Then g
∑
f i+e = 1 and x3 = x−12 g . Call x−12 = d and
∑
f i + e = F . Then this quotient of H has the presen-
tation 〈
d, g : dF−n1 = gF = (dg)F−p = g fnd−en g fn−1d−en−1 · · · g f1d−e1 g2e〉
= Z F−n1  Z F
F−p 2e+ fn −en fn−1 −en−1 f1 −e1〈(dg) , g d g d · · · g d 〉
L. Armas-Sanabria / Topology and its Applications 159 (2012) 990–998 997Lemma 4.3. Let G be the group with generators d and g and relations da = gb = 1, (dg)r = 1, ds1 gt1ds2 gt2 · · ·dsk gtk = 1. Suppose
(i) −1,1,−s1, s1,−s2, s2, . . . ,−sk, sk are different numbers modulo a
(ii) −1,1,−t1, t1,−t2, t2, . . . ,−tk, tk are different numbers modulo b
(iii) 6 r, 6 k.
Then G is not trivial (in fact, the order of d in G is a and the order of g in G is b) and a > 2k + 2, b > 2k + 2.
Proof. Using small cancellation theory it is not diﬃcult to see it since there are no pieces of length greater than 2. 
Here is another way of describing H . Consider the framed sublink consisting of the second and third components and
the 3-manifold M obtained by surgery on it. M is a Seifert space or, if
∑
f i + e = 0, a connected sum of two lens spaces.
Then
H = π1M〈〈ﬁrst component〉〉
H is trivial if and only if n1p − (e +∑ f i)2 = ±1 and
π1(M)/Z(π1(M))
〈〈r1〉〉 = 1
where r1 is represented by the ﬁrst component. Notice that π1(M)/Z(π1M), the quotient of π1M by its center is a triangular
group or a free product of two cyclic groups. Thus one is lead to the problem of deciding when a quotient of a triangular
group or a free product of two cyclic groups is trivial.
Joining the previous results it follows that
Theorem 4.4. Let βˆ be a link in S3 where
β =
n∏
i=1
2e
(
σ 21
)ei (σ 22 ) f i
with an integral framing (m,n1, p), where e, ei, f i ∈ Z . Then the 3-manifold obtained by integral Dehn surgery on βˆ is not S3 if
(i) −1,1,−e1, e1,−e2, e2, . . . ,−en, en are different numbers modulo F − n1
(ii) −1,1,− f1, f1,− f2, f2, . . . ,− fn, fn are different numbers modulo F
(iii) 6 F − p, 6 n. 
Proof. It is clear since the group of the 3-manifold obtained by integral Dehn surgery has as quotient a non-trivial group of
the form of G as in Lemma 4.3. 
Relating to this we have the following conjecture.
Conjecture 4.5. The fundamental group of the 3-manifold obtained by integral Dehn surgery on βˆ where
β = 2e
n∏
i=1
(
σ 21
)ei (σ 22 ) f i
is not trivial for n 2 and e, ei, f i ∈ Z suﬃciently large.
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